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Abstract Surgery is one of the key functions in hospitals;
it generates significant revenue and admissions to hospi-
tals. In this paper we address the decision of choosing a
case-mix for a surgery department. The objective of this
study is to generate an optimal case-mix plan of surgery
patients with uncertain surgery operations, which includes
uncertainty in surgery durations, length of stay, surgery
demand and the availability of nurses. In order to obtain an
optimal case-mix plan, a stochastic optimization model is
proposed and the sample average approximation method is
applied. The proposed model is used to determine the num-
ber of surgery cases to be weekly served, the amount of
operating rooms’ time dedicated to each specialty and the
number of ward beds dedicated to each specialty. The opti-
mal case-mix selection criterion is based upon a weighted
score taking into account both the waiting list and the his-
torical demand of each patient category. The score aims
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to maximizing the service level of the operating rooms by
increasing the total number of surgery cases that could be
served. A computational experiment is presented to demon-
strate the performance of the proposed method. The results
show that the stochastic model solution outperforms the
expected value problem solution. Additional analysis is con-
ducted to study the effect of varying the number of ORs and
nurses capacity on the overall ORs’ performance.
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1 Introduction

Healthcare is becoming one of the largest industries in the
developed and developing countries [1]. There are many
challenges facing healthcare systems, such as the limited
resources, the high cost of medical technology and medica-
tion, the high demand, the high customer expectations and
the shortage in planning and management decision support
tools specially with the increasing complexity of healthcare
systems. Consequently, hospitals are more and more aware
of the need to use their resources as efficiently as possible,
which urges healthcare organizations to increase emphasis
on process optimization in order to control and minimize
operating costs and improve the provided services levels.

Operating Rooms (ORs) are important assets for hos-
pitals as they generate the largest revenue and, at the
same time, represent the largest cost source. According to
“Healthcare Financial Management Association” (HFMA),
ORs account for a large share of hospital care services and
expenditure, at the same time, ORs result in an estimated
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40% of hospital revenue [2]. Therefore, small improvements
in efficiency could translate into significant savings and
benefits to the patient as well as the hospital. For these
reasons, scheduling of ORs in order to meet the hospital
goals and carry out the operations/surgeries with maxi-
mal efficiency is one of the areas that draw considerable
attention from the healthcare community. The increase in
efficiency of the OR schedule has a bearing on the number
of surgery cases executed, the total hospital cost or profit
and utilization of resources.

The ORs scheduling decisions can be divided into three
different and related problems, namely (i) the Case-Mix
Problem (CMP), (ii) the Master Surgery Scheduling Prob-
lem (MSSP), and (iii) the Surgery Scheduling Problem
(SSP) [3, 4].

The CMP refers to the decision of allocating the ORs’
times to each patient category in order to optimize their
performance, in other words, how the available ORs time
is distributed among the different specialties. In the MSS
problem, the ORs time is allocated to these surgical spe-
cialties over the scheduling window (typically, one week)
in order to maximize and level resource utilization. Finally,
the SSP refers to assigning each surgical case a start time,
a day, and an OR with the target of minimizing the waiting
time and maximizing resources utilization. In this paper, we
are considering the CMP which involves the decision mak-
ing on surgery cases volumes and capacity requirements of
each patient category. For more illustration about the CMP,
an example is presented. In this example, an OR is avail-
able for eight hours a day, five days a week with total of 40
working hours per week.There are five patient categories.
The question that the CMP answers is how can these 40
hours get divided between those five patient categories?.
The CMP determines the number of OR hours dedicated to
each patient category based on factors like: demand of each
patient category, cost and profit for each patient category.

Hospitals can be classified according to the main targets
of health care providers into two categories: profit satis-
fiers and profit maximizers [5]. Profit satisfying hospitals
are motivated by professional interests rather than economic
returns. A profit satisfying hospital seeks for the preferred
case-mix pattern or other preset objectives on condition that
it can manage to breakeven without violating the capacity
constraints. On the other hand, profit maximizing hospi-
tals are assumed to be positioned in a competitive business
environment and thus they are willing to choose the patient
cases that will bring the maximum rewards. Most private
sector hospitals can be categorized as profit maximizing
hospitals, while most government supported hospitals can
be classified as profit satisfying ones.

In this paper, a stochastic optimization model for the
CMP is proposed. The model generates an optimal case-
mix pattern that maximizes the ORs service level. In our

study, the ORs service level can be defined as the ability to
satisfy the surgery demand and increase the total number of
surgery cases that could be served. This model tackles two
main challenges in the CMP: nurses availability capacity
constraints and the uncertainty in surgery operations.

A worldwide common problem in healthcare systems
is nursing staff shortages [6]. Many studies show that the
availability of qualified nursing staff continues to be well
below the needs of healthcare systems [7]. With nurse short-
ages, hospital managers are in dire need to optimally utilize
current available nurses efficiently and retain them. Capac-
ity shortage of nurses in the surgery department will keep
surgery cases from being processed and it will signifi-
cantly deteriorate OR utilization. Although nursing services
account for an important part of a hospitals’ annual operat-
ing budget, nurse capacity constraints have received limited
interest in CMP literature. To the best of our knowledge,
and as indicated by Guerriero and Guido [8], Abdelrasol
et al. [9] and most recently by Hof et al. [10], there is a
lack in the literature regarding the CMP with uncertainty
in demand, uncertain surgery operations and nurse staff
capacity constraints.

Uncertainty in demand and in surgery operations result
from a variety of reasons. Demand uncertainty means that
it is difficult to accurately project surgery demand in the
future. Larger than average surgery demands result in short-
ages in ORs’ resources which are reflected on the ORs’
service level. Demand uncertainty results from a variety of
reasons. For instance, seasonality effects, unpredictable dis-
eases and accidents. Furthermore, surgery operations have
case-dependent durations and there is often a large variation
between scheduled durations and actual durations. Length
Of Stay (LOS) is also uncertain as well. Emergency surg-
eries are another important source that introduces more
uncertainty to the problem. Uncertainty in demand and in
surgery operations creates a burden on hospitals, this poses
a significant challenge because it makes the mission of
controling and managing the ORs is hard.

The objective is to maximize a weighted score under
resources capacity constraints.The objective function aims
to maximizing the service level of the operating rooms
by increasing the total number of surgery cases that could
be served. The case-mix selction criterion is based upon
a weighted score taking into account both the waiting list
and the historical demand of each patient category. The
considered objective function is a service level measure
of performance rather than a financial one. Thus, it can
be applied in both profit satisfying and profit maximizing
hospitals planning studies.

The objective of this paper is to solve a stochastic CMP
while considering nurses capacity constraints. The contri-
butions of this study are as follows: We formulate the CMP
under nurses capacity constraints as a stochastic mixed
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integer programming model. Surgery durations, LOS,
surgery demand and nurses daily availability are considered
as random parameters with known distributions. A sampling
based approach (Sample Average Approximation (SAA)) is
applied to deal with the uncertainty in surgery operations
and nurses capacity and to solve the proposed model.

The remainder of this paper is structured as follows.
Section 2 contains a focused literature review on the
CMP. The motivation for conducting this study is pre-
sented by the end of the literature review section. In
Section 3, we present the proposed stochastic optimization
model. In Section 4, the solution approach is introduced
with description. Numerical experiments are presented in
Section 5. Moreover, a numerical experiment is conducted
to evaluate how the proposed stochastic model is per-
forming in comparison with the corresponding determin-
istic model. Finally, concluding remarks are described in
Section 6.

2 Literature review

Many review papers discussed the ORs scheduling prob-
lems. For recent reviews on this topic we refer to Cardoen
et al. [11], Guerriero and Guido [8], Abdelrasol et al. [12]
and the most recently Hof et al. [10]. Guerriero and Guido
[8] presented a structured literature review on how Oper-
ations Research can be applied to the surgical planning
and scheduling processes. They classified the research con-
tributions by distinguishing three different decision levels,
namely: strategic, tactical and operational. Abdelrasol et
al. [12] reviewed the three ORs scheduling problems, they
are: the CMP, the MSSP and the SSP. Furthermore, they
introduced a research framework for an integrated plan-
ning method for the three problems. Most recently, Hof et
al. [10] provided the first literature review focusing only
on the CMP. They provided a comprehensive, structured
literature review classifying CMPs according to modeling
approaches, uncertainty of demand and supply, goals of
using CMPs, means to achieve desired case mixes, and fac-
tors impacting the freedom of choosing case mixes. By
the end of the paper, they presented possible directions for
future research.

Hof et al. [10], and Guerriero and Guido [8] pointed
out many references in the strategic level; however, most
of these references discussed the case mix problem on the
hospital level (The hospital case mix selection problem
(HCMSP)). In this study, only the literature of the CMP for
the surgery patient categories is considered. The CMP liter-
ature is discussed based on three variants: (1) The models
objective functions; (2) The considered resources capacity
constraints; and (3) The models with uncertainty on surgery
operations and demand.

2.1 The models objective functions

Hospitals can be classified according to the main targets of
health care providers into two categories: profit maximiz-
ers and profit satisfiers [5]. Objective functions could be
classified based on the main targets into: financial related
objective functions; and service level and utilization related
ones. The first category is willing to choose the case-mix
plan that will bring the maximum rewards; it is most suitable
for most private sector hospitals. The second category seeks
for the preferred case-mix pattern or other preset objec-
tives on condition that it can manage to break-even without
violating the capacity constraints; it is most suitable for
non-profit and government supported hospitals. Also, it is
applicable for private sector hospital as they may target such
service level and utilization oriented measures.

The majority of the publications in the CMP considered
financial related objective functions. A variety of finan-
cial related performance measures for hospitals are applied
such as: Maximizing the hospital revenues, Calichman
[13]; maximizing the contribution margins, Ma and
Demeulemeester [3] and Dexter et al. [14]; maximizing the
profits, Ma et al. [15]; and minimizing the hospital total or
variable costs, Dexter et al. [16]. Furthermore, achieving the
preferred physicians payments and revenues beside the hos-
pital goals has attracted some researchers such as: Blake
and Carter [17]; Mulholland et al. [18]; and Kuo et al. [19].
Under stochastic demand for surgeries: Gupta [20] targeted
maximizing the expected revenues depending on the allo-
cated OR time, similarly Fügener [21]; where Dexter et al.
[22] considered the mean contribution margin per OR hour
in their model.

On the other hand, Testi et al. [4] solved the CMP with
the objective function of maximizing the total benefits.
However the total benefits looks like a financial related mea-
sure, the calculation of these benefits is more related to the
service level of the system. In their study, the calculation of
the benefits were depending on both: The historical demand,
the number of sessions which have been assigned weekly
to each patient category; and the waiting list, the number of
sessions necessary to clear the waiting list for each patient
category. Based on the explored literature, there is a lack
in the literature regarding the CMP with service level and
utilization oriented measures.

2.2 The considered resources capacity constraints

The most expensive resource in most hospitals is the
OR. Furthermore, ORs are clearly connected with other
resources, for example: operating staff, surgeons and nurses;
the intensive care unit (ICU); and the general patient wards
required by the patients once they leave the OR. The major-
ity of the CMP literature considered the beds in wards
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as capacity constraints; where, other resources are rarely
considered.

A few papers considered the ICU capacity as a capac-
ity constraint while solving the CMP. Dexter et al. [14]
targeted to determine the mix of surgeons OR time alloca-
tions that maximize the contribution margin. They believed
that different surgeons used differing amounts of hospital
ward and ICU time. So, they solved their problem under
the capacity constraints of hospital ward and ICU time.
They concluded that to achieve substantive improvement
in a hospitals perioperative financial performance despite
restrictions on available OR, hospital ward beds, or ICU
time should be considered when OR time is allocated;
Similarly, Dexter et al. [16]. Mulholland et al. [18] opti-
mized the financial outcomes for both the hospital and
physicians under the capacity constraints of general care
beds, ICU beds, OR times and recovery room times. Most
recently, Fügener [21] combined a strategic and a tactical
OR planning problems. The developed model decided how
many (strategic) and what (tactical) OR blocks to assign to
each medical specialty while considering the impact on the
downstream resources ICUs and general patient wards.

Furthermore, a limited publications considered the CMP
under nurses capacity constraints; however, most of them
are pretty old or discussed the case mix problem on the hos-
pital level (HCMSP): Feldstein [23], Dowling [24], Hughes
and Soliman [25], Robbins and Tuntiwongpiboom [26],
Rifai and Pecenka [27], and Meyer et al. [28].

2.3 The CMP under uncertainty

In order to provide a more accurate representation of the
ORs scheduling problem, the developed models need to
incorporate more realistic aspects. In the ORs planning
problems, the optimally allocated time must balance the
costs of allocating too much time, which may results in
idle time for ORs and staff, with the costs of allocating
too little time, which may result in overtime charges. To
reach this goal, uncertainty on surgery time, LOS, variation
on demand and workloads should be taken into account.
Most models followed a deterministic approach arguing that
strategic problem uncertainties compensate each other or
reserving a buffer capacity for variation and uncertainty on
surgical demand. A very limited publications considered the
CMP under uncertainty.

Dexter et al. [22] proposed a two-stage approach for the
allocation of OR time at facilities where the strategic deci-
sion had been made to increase the number of ORs. They
considered the stochastic nature of patient demand imple-
mented uncertainty of demand in their resource allocation
approaches.

Gupta [20] has addressed the surgery capacity allocation
and two other different problems arising in the management

of surgical suites. For each of them, a general mathemati-
cal formulation and potential solution approaches are pre-
sented. He formulated the CMP under uncertainty in surgery
demand and proposed a multi-stage newsvendor model for
the problem of the allocation of OR time to medical spe-
cialties. The main limitations of their work are the lack
of investigation of the empirical behaviour of the proposed
mathematical models and related solution approaches, and
the lack of illustration of the applicability of their research
thorough testing phase.However, both Gupta [20] and
Dexter et al. [22] did not consider any other resources rather
than the OR. They excluded other resources such as ward
beds and nurses.

Most recently, Fügener [21] used stochastic patient
paths to link case mix decisions with the design of an
MSS while considering the stochastic downstream resource
demand for the ICUs and general patient wards. Demand
for these resources is modeled by a stochastic patient
path model. They applied an integer programming model
to provide the optimal allocation of how many (strate-
gic planning problem) and what (tactical planning prob-
lem) OR blocks to assign to each medical specialty.
However, he excluded nurses capacity from his proposed
model.

As a conclusion from the CMP literature review, there
are two main issues. The first one is related to the limited
number of capacity constraints that has been considered.
Usually such constraints were considered the ORs time,
beds, and the ICU. Although nursing services account for
an important part of a hospitals’ annual operating budget,
nurse capacity constraints have received limited interest in
CMP literature. To the best of our knowledge, and as indi-
cated by Guerriero and Guido [8] and most recently by Hof
et al. [10], there is a lack in the literature regarding the
CMP under the consideration of nurse workforce capacity
constraints. This emphasises the need to consider nursing
staff workforce capacity constraints while representing the
CMP. The second issue is related to uncertainty in demand
and in surgery operations. Usually the CMP was solved
by following a deterministic approach. To the best of our
knowledge, and as indicated by Guerriero and Guido [8] and
most recently by Hof et al. [10], there is a lack in the lit-
erature regarding the CMP with uncertainty in demand and
uncertain surgery operations.

The CMP will be addressed under uncertain surgery
operations, which includes uncertainty in surgery durations,
length of stay, surgery demand and the availability of nurses.
In order to obtain an optimal case-mix plan, a stochastic
optimization model is proposed. To sum up, this paper con-
tributes in applying the SAA approach on the CMP with the
two aspects of uncertain surgery operations and nurse staff
capacity. This research is motivated from the very limited
literature on the CMP with those two aspects. Furthermore,
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there is a practical need supporting the academic needs for
conducting this research.

3 The proposed mathematical model

In this research, a stochastic mixed integer linear program-
ming model to address the CMP with uncertainty in surgery
operations and daily nurse capacity is proposed. As dis-
cussed above, the CMP is concerned with the decision of
selecting an optimal case-mix under given capacities and
other constraints. Even though some other factors, such
as the time of day and day of week, might be important
in managing the ORs, these factors are usually considered
in the more detailed plans. These detailed plans are con-
structed in the following levels such as the MSSP and the
operational SSP. The CMP is mainly a resource allocation
problem. Thus, these factors are out of the scope of this
paper.

The considered CMP consists of determining how ORs
times are assigned to surgeon groups, how many beds are
allocated to each ward and how many patients from each

category can be taken care of over the course of one week
as presented by Testi et al. [4]. Because the solution of the
CMP was considered as a constraint for the two lower level
problems, the MSSP and the SSP, the same time window
was used as one week.

In this paper we use the indices, parameters and decision
variables summarized in Table 1.

Three resources have to be allocated, namely, the OR
time, the beds and the nurses. Let P be a set of patient cat-
egories, for each patient category p ∈ P we associate the
integer variable (xp) to the number of patients that receive
surgery in each patient category, the real variable (yp) to the
number of OR hours dedicated to each of surgeon group,
and the integer variable (zp) to the number of beds assigned
to each patient category.

The randomness in surgery operations is denoted by a
scenario ξ . A scenario defines the vector of outcomes of
the parameters: surgery duration, LOS, surgery demand, and
nurses capacity. Let �(ξ) be the corresponding probability
of scenario ξ ∈ �, and

∑
ξ∈� �(ξ)=1. It should be men-

tioned that the probability distribution of �(ξ) is discrete,
and the scenario set � is finite.

Table 1 Notation summary

Indices

p ∈ P Index of patient category.

ξ ∈ � Index of scenario.

Parameters

�(ξ) The corresponding probability of scenario ξ .

op The corresponding weighting factor of patient category p.

Cyp The current/historical dedicated hours for patient category p (hours).

6 WLp The average waiting list of patient category p (surgery cases/week).

T̄p The average surgery duration time for patient of category p (hours).

A The target activity which is the target number of surgery cases over all patient categories (surgery cases/week).

T
ξ
p The surgery duration time for patient of category p in scenario ξ (hours).

T T The total number of ORs’ available working hours per week (hours/week).

L
ξ
p The length of stay for patient of category p in scenario ξ (days).

D Working days per week (days/week).

T B The total number of beds available for all patient categories (beds).

S The standard number of nurses required to serve one patient in ORs (nurse/patient).

NDξ The available number of nurses per day in scenario ξ (nurses/day).

H Working hours per day (hours/day).

BU Maximum beds utilization.

NU Maximum nurses utilization.

UB
ξ
p The upper bound on the number of patients of category p per week in scenario ξ (surgery cases/week).

LB
ξ
p The lower bound on the number of patients of category p per week in scenario ξ (surgery cases/week).

Decision variables

x
ξ
p Number of patients who receive surgery of patient category p under scenario ξ (surgery cases/week).

yp Number of OR hours dedicated to surgeon group who serve patient category p (hours/week).

zp Number of beds assigned to patient category p (beds).
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For each patient category p ∈ P and each scenario
ξ ∈ �, the surgery duration and the LOS are represented
by T

ξ
p and L

ξ
p, respectively. Practically, surgery duration T

ξ
p

depends on a procedure type and surgery team. For explicit
representation, the parameter T

ξ
p can be redefined as T

ξ
pq ,

where q indexes Q procedure types or Q surgery teams.
However, this paper uses T

ξ
p instead of T

ξ
pq for simplifica-

tion. Because the CMP is mainly a strategic and capacity
planning problem, such details could be considered in the
more detailled planing levels (MSSP and SSP). It is assumed
that T ξ

p is identical for the same patient category. NDξ rep-
resents the available number of nurses in the day under the
scenario ξ . The surgery demand randomness is represented
by two parameters called the upper and lower demand lim-
its. For each patient category p ∈ P and each scenario
ξ ∈ �, these two parameters are represented by UB

ξ
p and

LB
ξ
p, respectively. Here, for each scenario ξ ∈ �, the value

of the decision variable (xp) depends on the randomness and

is represented by (xξ
p).

The objective function in this model aims at maximizing
the weighted sum of the number of surgery cases that could
be served by each patient category under resources capacity
constraints. We consider the current or historical allocated
time and the waiting list to calculate the weighting factor
for each category. For this purpose, we propose a two-step
procedure to define and compute the weight for each cate-
gory. In the first step, we define the patient category demand
(Op) as the sum of two components: The first component
is the current/historical dedicated hours assigned weekly to
patient category p (Cyp). This term is used to eliminate the,
unnecessary, changes in the case-mix plan and to weight
the patient categories based on their current size. This may
support the applicability of the proposed plan. The second
component is the required hours in order to clear the waiting
list of patient category p. This depends on both the average
number of patients registered in the waiting list of for patient
of category p (WLp) and the average surgery duration for
patient of category p (T̄p).

Op = Cyp + WLp · T̄p ∀p ∈ P

In the second step, the weighting factor (op) is calculated
by dividing the patient category demand (Op) by the patient
categories total demand.

op = Op
∑

p∈P

Op

∀p ∈ P

Note that, the choice of calculating (op) has two benefits:
First, the formula is intended to provide more weight for
the patient categories with longer waiting lists; second, the

use of

(
∑

p∈P

Op

)

as the denominator is aimed at providing

more weight to the patient categories with a bigger demand

compared to the total demand. The considered weighting
procedure is similar to the one proposed by Testi et al. [4];
however, they extended their procedure for each OR’s time
block/session.

The following mathematical model (1)–(10) describes
the stochastic case-mix problem (SCMP).

Max
∑

ξ∈�

∑

p∈P

�(ξ) · op · xξ
p (1)

Subject to

T ξ
p · xξ

p ≤ yp ∀p ∈ P, ∀ξ ∈ � (2)

∑

p∈P

yp ≤ T T (3)

Lξ
p · xξ

p ≤ BU · zp · D ∀p ∈ P, ∀ξ ∈ � (4)

∑

p∈P

zp ≤ T B (5)

S ·
∑

p∈P

yp ≤ NU · H · D · NDξ ∀ξ ∈ � (6)

xξ
p ≤ UBξ

p ∀p ∈ P, ∀ξ ∈ � (7)

xξ
p ≥ LBξ

p ∀p ∈ P, ∀ξ ∈ � (8)

xp
ξ , zp ∈ Z

+ ∀p ∈ P, ∀ξ ∈ � (9)

yp ∈ R
+ ∀p ∈ P (10)

The objective function (1) aims to maximize the
weighted sum of the number of surgery cases that could be
served by each patient category. As previously mentioned,
there are three resources, namely the ORs time, beds and
nurses, considered in the model. The constraints are clas-
sified into four groups: ORs time capacity constraints (2)
and (3), beds capacity constraints (4) and (5), nurses’ capac-
ity constraint (6) and demand bounds constraints (7) and
(8). Constraint (2) indicates that the total required surgery
time for each patient category cannot exceed the assigned
hours to this patient category. Constraint (3) guarantees that
the total hours dedicated to all patient categories cannot
exceed the ORs’ total available working hours per week.
Constraint (4) denotes that the bed occupancy for each
of patient categories cannot exceed its allocated capacity.
The maximum total capacity that can be allocated to a
patient category is zp · D. However,this is an overestima-
tion,because it does not consider the intermediate cleaning
and idle time between patients. Therefore, we multiply the
maximum total capacity by BU . The value of BU should
be selected carefully in order not to overload beds. Con-
straint (5) ensures that the total number of beds dedicated to
all patient categories cannot exceed the total available beds.
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Constraint (6) guarantees that the total required nurses’
capacity in man-hours per week cannot exceed the available
number of nurses in man-hours per week. The maximum
total available number of nurses in man-hours per week that
can be allocated is H · D · ND. However,this is an overes-
timation,because it does not consider the intermediate idle
time between to consecutive patients. Therefore, we multi-
ply the maximum total capacity by NU . The value of NU

should be selected carefully in order not to overload nurses.
Constraints (7) and (8) ensures that the obtained case-mix
will be within the upper and lower expected demand respec-
tively, and finally, constraints (9) and (10) reflect the integer
and real properties of the decision variables respectively.

Under certain conditions, the proposed model can be for-
mulated in a closed form and hence an exact solution can be
obtained. These conditions include the guarantee of: small
problem size, and the stochastic parameters should be fol-
lowing the normal or uniform distributions. If the problem
size gets larger, the closed form model is intractable. Fur-
thermore, it is well known that the distribution of surgery
duration is close to a lognormal distribution [29]. While
there are computational benefits, due to the limitations of
the closed form expression, this paper employs the SAA
approach as a solution method.

4 Solution method using sample average
approximation

SAA [30] is a sampling based approach that can be applied
to solve the SCMP (i.e. model (1)–(10)). Since we cannot
directly optimize (

∑
ξ∈�

∑
p∈P �(ξ) · op · xp

ξ ), we
instead maximize the expected value which could be writ-
ten as: Eξ∈�[∑p∈P op · x

ξ
p ]. While directly computing the

expected value is not possible for most problems, it can be
approximated through Monte Carlo sampling in some sit-
uations. The expected value, with sample size N , can be
approximated by the average of the realizations:

E
ξ∈�

⎡

⎣
∑

p∈P

op · xξ
p

⎤

⎦ ≈ 1

N

N∑

n=1

∑

p∈P

op · xn
p

Based on this approximation, the objective function is deter-
ministic, and deterministic optimization methods can be
used to solve the SCMP.

SAA is applied in order to solve the SCMP model.
According to Shapiro et al. [30], the optimal solution of
the SAA problem provides an exact optimal solution of the
true SCMP (i.e. model (1)–(10)) with probability of one for
a sample size N that is large enough. Moreover, Shapiro
and Homem-de-Mello [31] showed that the probability of
providing an exact optimal solution of the true problem
approaches one exponentially fast asN tends to infinity. The

following mathematical model describes the SAA problem
of the SCMP with sample size N .

Max
1

N

N∑

n=1

∑

p∈P

op · xn
p (11)

Subject to

T n
p · xn

p ≤ yp ∀p ∈ P, n = 1, ...., N (12)

∑

p∈P

yp ≤ T T (13)

Ln
p · xn

p ≤ BU · zp · D ∀p ∈ P, n = 1, ...., N (14)

∑

p∈P

zp ≤ T B (15)

S ·
∑

p∈P

yp ≤ NU · H · D · NDn n = 1, ...., N (16)

xn
p ≤ UBn

p ∀p ∈ P, n = 1, ...., N (17)

xn
p ≥ LBn

p ∀p ∈ P, n = 1, ...., N (18)

xn
p, zp ∈ Z

+ ∀p ∈ P, n = 1, ...., N (19)

yp ∈ R
+ ∀p ∈ P (20)

5 Implementation of the proposed method

5.1 Case study data

In this section, an application of the proposed method based
on real data collected at the surgery department in Kar-
moze Hospital, a non-profit hospital located in Alexandria,
Egypt, is presented. The data used in this paper is collected
based on database records and information derived through
interviews with hospital’s surgery suites managers and staff.
There are nine patient categories (|P |=9): General surgery-
A (GS-A), General surgery-B (GS-B), General surgery-C
(GS-C), Gynecology, Maxillofacial, Orthopedics, Otolaryn-
gology, Urology, and Vascular. The surgery department in
Karmoze hospital consists of three surgery suites, each of
them consists of three ORs, with a total of nine ORs ( iden-
tical ORs). The hospital includes many wards with 302 beds
but only 178 beds are dedicated to the surgery department.
The operating rooms are available Saturday through Thurs-
day for 5 hours daily (from 9:00 AM to 2:00 PM). In total,
the working hours for the ORs (T T ) are 270 hours per week.
In order to obtain the discrete distribution of surgery dura-
tion, LOS and surgery demand the actual data of surgery
procedures is compiled and analyzed from ORs database
from 2010 to 2012.
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Fig. 1 Histogram for the total
weekly demand

In order to obtain the discrete distribution of surgery
duration, the actual data of surgery procedures is analyzed.
Most distributions we derived from the data analysis are
consistent with empirical studies by May et al. [29] and
Spangler et al. [32] which conclude that a lognormal dis-
tribution fits in actual surgery durations. We assume that
all patients in the same patient category follow identical
distribution of surgery duration.

The average LOS in General surgery-A (GS-A), General
surgery-B (GS-B), General surgery-C (GS-C), Gynecology,
Maxillofacial, Orthopedics, Otolaryngology, Urology, and
Vascular are 2.5 days, 2.5 days, 1.8 days, 1.5 days, 2.5
days, 2.25 days, 1.75 days, 3.0 days and 4.8 days, respec-
tively. In order to obtain the discrete distribution of LOS, the
actual data of surgery cases is analyzed. The distributions

we derive from the data analysis are either Normal or Log-
normal based on patient category. However the LOS may
depend on the surgery duration, in this paper we assume that
the relation between both of them is an uncontrolable part
on the data.

Due to the random absence and vacations of the nurses,
there is a significant variation in the daily number of avail-
able nurses. According to the ORs records, the available
number of nurses per day (NDn) ranges between 14 and 19
according to a uniform distribution.

The historical data for each patient category was used to
develop the distribution of surgery demand. Examination of
the histogram in Fig. 1 and the box-plots in Fig. 2 illustrates
the variations in the number of surgery cases per week.
The histogram shown in Fig. 1 illustrates the variations in

Fig. 2 Box-plots for the weekly
demand for each patient
category
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Fig. 3 Convergence of the
objective function value

the total number of surgery cases for all patient categories
that are handled during the week. The empirical probability
distribution for the demand comes with a mean value of 252
surgery cases per week, with a standard deviation of 28 and
with a lower and upper bounds of 172 and 325, respectively.
This analysis emphasizes the stochastic nature of surgery
demand. The Box-plots shown in Fig. 2 illustrate the varia-
tion in the number of surgery cases for each patient category.
The demand on the vascular category has the lowest median
and the tightest range, followed by the maxillofacial cate-
gory with slightly higher median and slightly wider range.
On the other hand, the orthopaedics category has the highest
median and the loosest range.

5.2 Experimental results

The mathematical model (11)–(20) describes the SAA prob-
lem of the SCMP is solved optimally with the commercial
ILP solver LINGO 12.0 (LINDO Systems Inc.). All tests
were run on an Intel Core i5 (2.6 GHz) with 4 GB of RAM,
running under Windows 7.

In order to discuss the stability and robustness of the
proposed stochastic model with respect to uncertainty, a
sensitivity analysis for the number of scenarios is con-
ducted. In this analysis the trade-off between sample size
N and the quality of the solution is considered. First, the
SCMP is solved at different number of sample sizes, (N =1,

Table 2 Effects of ORs capacity

ORs NSCs ORs’ activity Average objective value

9 ORs 288 0.96 34.61

8 ORs 288 0.96 34.61

7 ORs 259 0.86 31.15

5, 10, 20, 30, 40, 50, 100, 150, and 200). At each sample
size five replications are conducted (M= 5).

Figure 3 demonstrates how the objective function value
of the SAA optimal solution changes as the sample size
N increases. The results show the convergence of the SAA
solutions with exponential rates. According to Fig. 3, a good
solution can be obtained with relatively small sample size.
Analysis based on the sample variance shows that the sam-
ple variance decreases abruptly at the beginning but later it
levels off reaching a plateau at around 100 scenarios and
declined to around zero at 150. Based on 150 scenarios
and 5 replications per sample, the 95% confidence interval
for the average optimal solution is less than ±1.5%. It is
observed that 5 replications are enough to obtain a reason-
able confidence interval of the average. If the variance is too
large, then the value of M should be increased until satisfy-
ing an underline criterion. Based on these observations, the
number of scenarios is set to 150 as an appropriate number
of scenarios for the computational experiments. Evaluating
more scenarios would increase the computational time with
very little gain in terms of the quality of the solution.

The dotted line in Fig. 3 indicates the solution obtained
by the Expected Value Parameters (EVP) of the correspond-
ing stochastic problem. The solution of EVP is obtained
by replacing the random parameters T n

p , Ln
p, UBn

p, LBn
p

and NDn by their means and then solving the resulting
deterministic problem [33]. The result shows that, compared

Table 3 Effects of ORs capacity

Nurses NSCs ORs’ activity Average objective value

ND 288 0.96 34.61

ND+2 303 1.01 37.19

ND+4 313 1.04 38.55
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Fig. 4 Numerical experiments
procedure

to the SAA problem, the deterministic problem produced
a poor solution. Numerical experiments are performed to
evaluate the value of the stochastic optimization compared
to the deterministic EVP. A detailed result is shown in the
next section.

As ORs’ capacity and nurses’ capacity are two of the
most critical surgical resources at any operating theatre, the
proposed model is solved at different levels of ORs and
nurses available capacities. The purpose of this analysis is to
investigate the effect of varying the availability of both ORs
and nurses on the overall performance. The comparisons are
conducted in terms of the Number of Surgery Cases (NSCs),
the ORs’ activity index and the model objective function
score.

The ORs’ activity can be defined as, the total NSCs in the
optimal case-mix relative to the target NSCs over all patient
categories. The target NSCs may be called the target activity
and it is predefined by the hospital managers. Basically, the
considered index is inspired from the product mix problem
literature [34] and adapted to the CMP. This index is used in
the comparison in order to show how far that the proposed
case-mix plans from the targets of the hospital managers.
The ORs’ activity index is calculated based on the following
equation:

OR′sActivity = 1

A

1

N

N∑

n=1

∑

p∈P

xn
p.

A is the target number of surgery cases over all patient
categories (surgery cases/week). According to the demand

analysis and discussions with ORs managers, the denomi-
nator term of the objective function which reflects the target
activity (the target number of surgery cases overall patient
categories), A is assumed to be 300 surgery cases per week.

First, the effect of varying the operating rooms’ capac-
ity is discussed. The target of this analysis is to investigate
the possibility of reducing the working/open ORs, hence to
reduce the cost. In regards to ORs cost rates, Macario [35]
suggested for ORs administrators to use a ballpark number
such as $15 to $20 per OR minute for a basic surgical proce-
dure. Weinbroum et al. [36] estimated the cost of one OR to
the health consumer or insurance carrier by approximately
$10 to $20 per minute or $600 per hour. Similarly, Brod-
sky [37] estimated the cost of one OR by approximately
$20 per minute. For the target of minimizing the operating
cost and maximizing resources utilization, the system per-
formance with lower number of working ORs is examined.
First, the model is solved at the baseline case of 9 ORs,
and then it is resolved at 8 ORs and 7 ORs. Table 2 com-
pares test results from the three different ORs’ capacities.
The comparisons are conducted in terms of the NSCs, the
ORs’ activity index and the model objective function score.
Results show that closing one OR (8 ORs) has no impact on
the NSCs that can be handled and the ORs’ activity index
as well as the model objective function value. However, if
we closed two OR (7 ORs), less NSCs could be processed
with lower ORs’ activity index and model objective function
value. From Table 2 it can be observed that ORs’ capacity
limits the overall performance if more than one OR are
closed.

Fig. 5 Evaluation results: number of overcapacity cases
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Table 4 Summary of the evaluation performance measures

Number of overcapacity occurrences (times) Average number of overcapacity per scenario (cases)

Stochastic 34 11

EVP 79 21

In order to study the effect of varying the availability of
nurses, the available number of nurses per day (NDn) is
increased by two and four nurses. Comparisons between the
current case (range of 14–19 and average of 16 nurses per
day) and other cases are shown in Table 3. The comparisons
are conducted in terms of the NSCs, the ORs’ activity index
and the model objective function score. Results show that
the overall performance is improved with the increases on
the number of nurses. However, increasing the number of
daily nurses by more than four is not effective.

In summary, the number of ORs can be reduced by one
without any negative effect. Also, it can be seen that increas-
ing the daily number of nurses by two and up to four
enhances the overall ORs performance.

5.3 Evaluation of stochastic solutions

Numerical experiments are performed to compare two solu-
tions which are obtained from the stochastic optimization
problem (Stochastic) and the deterministic expected value
problem (EVP). The comparison aims at evaluating the ben-
efit of the stochastic model over its computational efforts.
From the results, we claim that the stochastic model pro-
vides a better solution than EVP in terms of the robustness
to the randomness in surgery operations.

The test problem presented in Section 5.1 is used for this
study. The summary of the evaluation procedure is given
in Fig. 4. First, samples for surgery demand (RGD) for
each patient category are randomly generated. Arbitrarily,
the number of samples is determined as 100 (i=1...100) for
each patient category. Second, the amount of OR’s time
required to handle the sample demand for each of patient
category is estimated. Thus the demand transfered to OR’s
time required capacity (RGDi

p . T i
p). Third, for both the

stochastic model and EVP solutions, the obtained case-mix
plans (yp) are defined as benchmarks. Then, the demand
samples are compared against the benchmarks to check the
feasibility of serving these demand samples. If the random
demand sample is lower than or equal to the case-mix plan,
it is feasible to serve this demand sample. This holds for
each demand sample and for each patient category. Other-
wise, there is a capacity shortage preventing serving this
demand sample. These capacity shortages are accumulated
for all patient categories in each demand sample. We denote
this summation as “overcapacity cases”. The higher the
overcapacity cases the worse is the case-mix plan. Finally,

by the end of these comparisons, two performance mea-
sures are evaluated: the number of overcapacity occurrences
and the average number of overcapacity cases. The number
of overcapacity occurrences determines how many times,
out of the 100 samples, shortages have occurred (the gen-
erated demand is higher than the case-mix plan for any
of patient categories). The average number of overcapacity
cases determines the average for the overcapacity cases in
term of surgery cases (on average, by how many cases the
generated demand is higher than the case-mix plan over-
all demand samples). In Fig. 5, the number of overcapacity
cases for 100 demand samples are presented. The dotted line
and the solid line represent the number of overcapacity cases
of the EVP and the stochastic model solutions, respectively.
The EVP has always a higher number of overcapacity cases
than the stochastic model. The two performance measures,
which are presented in Table 4, indicate that the stochas-
tic model outperforms the EVP. The stochastic case-mix
plan reduces the number of overcapacity occurrences sig-
nificantly. Additionally, reduction of the average number
of overcapacity cases is identified. Upon statistical analy-
sis of the results, it was found that the stochastic model
performs better than the EVP. The mean of EVP is sig-
nificantly greater than the mean of stochastic model with
p-value equals 0.001 (p-value < 0.05).

6 Conclusions and recommendations

This study proposed a stochastic optimization model for
the case-mix problem with considering nurses capacity con-
straints. To the best of our knowledge, this is the first time
to attempt this problem. The sample average approxima-
tion algorithm is employed to solve the problem. Numerical
experiments demonstrated the convergence of statistical
bounds with moderate sample size for a given test problem.
Finally, numerical experiments were conducted to show
that the stochastic model solution outperforms the Expected
Value Problem solution.

The optimal case-mix selction criterion is based upon a
weighted score taking into account both the waiting list and
the historical demand of each patient category. The score
aims to maximizing the service level of the ORs by increas-
ing the total NSCs that could be served.The optimal amount
of ORs’ time and and the optimal number of ward beds
dedicated to each patient category were determined. The
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proposed model was solved under three resource capacity
constraints: ORs’ time, beds and nurses. Future work will
be done on building a new time table based on the proposed
case-mix plan through solving the MSSP. Then testing these
proposed plans in the operational level by solving the SSP.
Finally trying to integrate these three models together in
order to obtain a more tunned solution.
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