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Answer all the following questions. 20 marks each.
1y Let: a,a,,a;,a,,0,,4,.... be the sequence defined by

a, =l,a, =1 ,andfor 23,0, =a,,+a,_

which means that this series is the following one ; 1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,....
Prove that (using mathematical induction) :

a) Forevery n>1thateach a,, (1.e. a,.9,.49,.49,,,....) 15 even.
b) For every n> 1 thateach g,, ( ien,,ay,4),,0,,...)}1s divisible by 3.

2) a) State both Roll’s Theorem and the Mean Value Theorem. Prove the Mean Value Theorem,

b) Given :
3 if x=0
fxy={-x*+3x+a if O<x <]
mx + b if 1<x<?

Find the values of a, b and m such that f(x) satisfies the hypothesis of the Mean Value Theorem on
the interval [0, 2 1. Then find a number ¢ on (0, 2 ) that satisfies the conclusion of the theorem.

3) Using L.’Hopital Rule find:

ﬂ) limf(x+h)+f(x_h)_2f(x)

h—0 hz

4) a) Prove that : sin"'(tanh x) = tan ' (sinh x)

b) Find :
d 1 L. (x+1)

—(=tan" x+—Iln-~—
dy 2 4 x +]

(simplify your answer)

)

5) Sketch the following function :

)= X
x°+3
Show :
a) Asymptotes
b)Local extreme.

¢)Concavity and points of inflection.




6) Expand:
1

| —5x+6x°

Put it in the form
2 3 - E : H
ﬂ&x-l-ﬂ:x + ﬂ'}x ++r*r-||- _ ﬂnx ¥

nel

ollowing formula (Newton’s Method for finding a root for differentiable equations) :

f(x,)
")

then use it to find v612 correct 1o two decimals starting with x,= 10.

7) Prove the F

X =X

A+l

GOOD LUCK
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ANSWERS

1)a) 1-Forn=1, a, =2 whichiseven.

2-Assume true for n=1:: l.e. a,, is even.

3- For n =k+1. Using the definition :
Dyhaty = agay = Qypip ¥ Aypyy = Qe + @y, + 8y, =24y, +a,,.
both the last two terms are even which proves it is true for n = k+1.

b) 1-Forn=1, a, =3 which is divisible by 3.
2- Assume true forn =k i.e. a,, is divisible by 3.
3- for n=k+1. Using the definition :

sty = Dgped = Oz Ty T Qgppn TGy Y0y =G Y20, =40 T2, +a,,) =

=304, +ay.
both the last two terms are divisible by 3 which proves it for n=k+1,
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2) lirﬂr;f(x)=1i1{1}1(+-f+3x+a)=a=f(0)=3. Then a = 3.
fF (==20+3=fF"D=m Thenm =1,
lirf'_lf(x)=-—1+3+3=Iinlzgf(x)=m+b=1+b. Then b =4.
Then
3 if X = ;
, , , -2x+3 if 0O0<x<l
flx)=4—x"+3x+3 if D<x<l Then f(x)= |
] if lsx<?2
x+4 if l1€x<2
f(b;wf(a)zg——;:%‘ Then 1°(3/4) = 3/2 then ¢ = 3/4 in the open interval (0, 2).
_a —




3)a)
imZEE S ~R)-2f(x)  f(x)+ f(x) - 2f(x) L0 S G- -k

o h* 0 0 h0 2h
SO O SEANES GRS @@ e
0 0 #=0 2 2
litn x 1 )=m~m=lim(xlnxhx-}'l):E:lim( x(1/x)+1nx -1 ) =
b) =1y —1 Inx =" (x -Dlnx 0 = {x=-DA/x)+Inx
= lim( Inx ~Tim xinx )=~(—}=lim( l1+inx l

U -D/ xy+Inx” > x—l+xinx” O e I+I+1nx)=2

4)a) LHS.=©=sin"'(tanhx). Then sin ® =tanh x. Then -

sin® sin® tanh x tanhx simhx/coshx
tan® = = = = = = sinh x.
c0S®  1-5in’® l—tanh®y Sechx 1/cosh x
Then :
© = tan” (sinhx)=R.H.S.
b) EF-[ltan].Jl::+l(21n|(;!r+1)—11:1(.1nf:1"r+I)):l= :] + : - f =
dx ! 2 4 2Ax"+1) 2x+1D 2(x*+1)
:x+1+x2+1—x(x+1)= ]
2(x? +D(x +1) (x+1)x2 +1)°

5)a ) No vertical Asymptote. Horizontal asymptote y= 1.

1-x* - . ‘i
by’ = 26x = L Y= 18(2 > 2) . The (0, 0) is the only critical point and it is 8 LOCAL
(x°+3) (x° +3)

MINIMUM.

¢) Concaveup for =1< x<1
inflection points.

. Concave down for x < -1 and for x> 1. (-1,%)and (1, %)are




1 3L T2 C3a-3x)7 —20-2x)" =

1 _Sx+6x° 1-3x 1-2x

6)

= '3{1+(3;.c)+(3_ac)2 +(3x)° +(3x)* +....]—- 2[1 +(20)+ (2% + (2x)° +(2x)° +]
Then the coefficient of x"is(3™' —2™") forn=0,1,2,3,4,... Then:

]

_=(3' -2+ (37 -2")x+ (3 ST+ (3 -2 4 (30 =20
| —5x+6x

=1+ 5c+19x7 +65x° +211x" +..... =Z(3”+I —2")x",

fix,)= y-J (x,,). It passes through the point (x,,,,0) then f'(x,) = b=/ (2‘) :
X—X, ntl T *n
Which gives
X =X, = J (%) :
A+] n f,(x")
f(iI:D) 102 — B612

I L0 fj(f[}'ﬂ} 9.10 )

= = 3h.06 = 26.,3955056
o L1 f"(:}:l) X 2356 Z i)
Ty = : e ; =" 24.7906355
r, = - 24 7386883

24.7386358

I
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