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1)  Find :                                                                                        5 points 

lim
𝑡→0

(
1

𝑡√1 + 𝑡
−

1

𝑡
) 

 

By substitution, we get  ∞ −  ∞. 𝑆𝑜: 
 

𝑙𝑖𝑚
𝑡→0

1 − √1 + 𝑡

𝑡√1 + 𝑡
  𝑋  

1 + √1 + 𝑡

1 + √1 + 𝑡
 =  𝑙𝑖𝑚

𝑡→0

1 − (1 + 𝑡)

𝑡√1 + 𝑡 + 𝑡 ( 1 + 𝑡)
 =   

 

= lim
𝑡→0

− 𝑡

𝑡 (√1+𝑡 +(1+𝑡) 
=  lim

𝑡→0

− 1

√1+𝑡+( 1+𝑡)
 =  

− 1

2
   

 

 

 

2) Find the points P on the graph of the curve   𝑦 =  𝑥3  such that the 

tangent at this point P has x intercept equals 4.                       10 points 

 

Let the point be (a, 𝑎3) . The slope  𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑖𝑠 3 𝑎2. It passes 

through the point ( 4 , 0 ). 

 

The equation of the tangent is: 

 

3 𝑎2 =  
𝑦 − 𝑎3

𝑥 − 𝑎
 

 

Then 3 𝑎2 =  
0− 𝑎3

4 –𝑎
   . Then  12 𝑎2 − 3 𝑎3 =  − 𝑎3. 

 𝑇ℎ𝑒𝑛 12 𝑎2 − 2 𝑎3  = 0 
 

Then a = 6 (a = 0 is refused because the tangent will be the x axis) and 

the point is (6, 216). 

 

3) Find   
𝑑𝑦

𝑑𝑥
 :                                                                                    15 points 

 

a) y =(sin 3𝑥)(cos 5𝑥) + (cos 7 𝑥 )(sin 9𝑥). 



 

 

 

A = (sin 3𝑥)(cos 5𝑥) ,             𝐵 = (cos 7 𝑥 )(sin 9𝑥) 

ln A = (cos 5 x ) ln ( sin 3 x )  , ln B = (sin 9 𝑥 ) ln(cos 7 𝑥) 

 

𝐴′

𝐴
= cos 5 𝑥 (

3 cos 3 𝑥

sin 3 𝑥
) + (ln(sin 3𝑥) (− 5 sin  5 𝑥))  

 
𝐵′

𝐵
= sin 9 𝑥 (

− 7 sin 7 𝑥

cos 7 𝑥
) + (ln(cos 7 𝑥)) (9 cos 9 𝑥) 

 

𝑑𝑦

𝑑𝑥
=  𝐴′ + 𝐵′ = 

 ((sin 3𝑥)(cos 5𝑥)) (cos 5 𝑥 (
3 cos 3 𝑥

sin 3 𝑥
) +  (ln(sin 3𝑥) (− 5 sin  5 𝑥)))+ 

 

+ ((cos 7 𝑥 )
(sin 9𝑥)) (sin 9 𝑥 (

− 7 sin 7 𝑥

cos 7 𝑥
) +

 (ln(cos 7 𝑥)) (9 cos 9 𝑥)) 

 

---------------------------------- 

b) tan (
𝑥

𝑦
) = 𝑥 + 𝑦.    Put it in the form (

𝑑𝑦

𝑑𝑥
= ⋯) 

 

(𝑠𝑒𝑐2  (
𝑥

𝑦
)) (

𝑦 − 𝑥 𝑦′

𝑦2
) = 1 + 𝑦′. 

 

Then y (𝑠𝑒𝑐2  (
𝑥

𝑦
)) − 𝑥 𝑦′ (𝑠𝑒𝑐2  (

𝑥

𝑦
)) =  𝑦2 + 𝑦2𝑦′  

 

Then y' (𝑥 (𝑠𝑒𝑐2  (
𝑥

𝑦
)) + 𝑦2) = y (𝑠𝑒𝑐2  (

𝑥

𝑦
)) −   𝑦2 

Then y' = 
y (𝑠𝑒𝑐2 (

𝑥

𝑦
))−  𝑦2

𝑥 (𝑠𝑒𝑐2 (
𝑥

𝑦
))+𝑦2

 

 

-------------------------- 



 

 

 

 

c) y = 𝑡𝑎𝑛ℎ−1( √1 + ln (𝑥2 + 5 𝑥 ) 

 

y' = 

2 𝑥+5

𝑥2+5 𝑥

2√1+ln (𝑥2+5 𝑥) 

1−( 1+ln(𝑥2+5 𝑥) ) 
 

4) Find the points on the curve :                                                 10 points 

 
y= cosec x + sec x          0 ≤ 𝑥 ≤ π

2⁄  .   

Such that the tangent at these points are horizontal. 

y' = - (cosec x)(cot x)+(sec x)(tan x) = 0. 

 

Then  
−1

sin 𝑥
 .

cos 𝑥

sin 𝑥
 + 

1

cos 𝑥
 .

sin 𝑥 

cos 𝑥
  = 0. 

 

Then     
–cos 𝑥

𝑠𝑖𝑛2 𝑥 
 +  

sin 𝑥

𝑐𝑜𝑠2 𝑥
= 0. 

 

Then   
𝑠𝑖𝑛3 𝑥− 𝑐𝑜𝑠3 𝑥

𝑠𝑖𝑛2 𝑥  𝑐𝑜𝑠2 𝑥 
  = 0. 

 

Then (sin 𝑥 − cos 𝑥) (𝑠𝑖𝑛2 𝑥 + sin 𝑥 cos 𝑥 + 𝑐𝑜𝑠2  𝑥) = 0. 

 

Which means: 

 

Either     sin x = cos x then tan x = 1 and   x = 𝜋 4⁄  

 

And the point is   (𝜋 4⁄  , 2 √2    ) 

 

OR sin x cos x = -1 which is refused since x is in the first quadrant. 

 

 

 

 

 

 

 

 



 

 

5)                                                   

 

𝑦 = 𝑓(𝑥) =  
𝑥2+7 𝑥+3

𝑥2   . 

 

Showing: 

a) The domain of this function, intersection with the axes, and all 

asymptotes and the points of intersections with them (if any)  

b) Critical points and local extreme. 

 

Intersection with y axis none. Intersection with the x axis : 

 

𝑥2 + 7 𝑥 + 3 = 0. 
 

𝑥 =  
− 7 ± √49−12

2
  =  

− 7  ± √37

2
 ≅   

−7 ±6

2
 

 

Then x   ≅  -1/2  Or     -13/2. 
 

Domain R – {0}. 

 

lim
𝑥→∞

𝑥2 +   7 𝑥 + 3

𝑥2
=   1. 𝑇ℎ𝑒𝑛 

 

Horizontal asymptote  y = 1  and Vertical asymptote x = 0 

Intersection with the horizontal asymptote: 

1 = 
𝑥2+7 𝑥+3

𝑥2  . then x = -3/7. Point of intersection (-3/7 , 1). 

y' = f'(x) = 
− 7 𝑥−6

𝑥3   .  Critical point ( 
− 6 

7
  , −3.08).Since 

f' changes its sign from negative to positive before 

then after x = -6/7 this makes this point a local 

minimum.  

 

 



 

 

 
6) Find the following limit:                                                         10 

points 

 

lim
𝑥→(0)+

(1 + sin 4 𝑥 )(cot 𝑥) 

By substitution, we get  1∞ then we take ( ln ) : 

 

ln y = (cot x ) ln ( 1 + sin 4 x ) = 
ln( 1+sin 4 𝑥 )

tan 𝑥
 . 

 

by substitution , get 
0

0
  Applying L'Hopital Theorem. 

 

lim
𝑥→(0)+

ln 𝑦 =  lim
𝑥→(0)+

4 cos 4 𝑥
1 + sin 4 𝑥

𝑠𝑒𝑐2 𝑥 
=  lim

𝑥→(0)+

4𝑐𝑜𝑠3 4 𝑥

1 + sin 4 𝑥
= 4. 

 

lim
𝑥→(0)+

(1 + sin 4 𝑥 )(cot 𝑥) = 𝑒4. 


