Summary

The purpose of this thesis is to define and study properties for certain classes of univalent
and p—valent functions defined in the open unit disc U = {z € C: |z| < 1}, where C is the
complex plane. These classes are defined by using some linear operators, integral operators,
Hadamard product (or convolution) and higher order derivative .

Let A denote the class of all functions of the form
f(2) :z+Zakzk, (1)
k=2

which are analytic in U. Also let S denote the subclass of functions of .4 which are univalent
in U. Further let T" the subclass of S all functions of the form:

f(z) = Z—Zakzk (ax > 0).

For two functions f(z) and g () in A given by g(z) = 2+ >_ b.2*, the Hadamard product
k=2
(or convolution) (f x ¢)(z) is defined by

(Frg)(2) =2+ > axbie® = (g% )(2):

k=2

Definition 1 [70]. A function f(z) € S is said to be starlike of order « if and only if

Re{zf (Z)} > a,

f(2)

for some o (0 < a < 1) and for all z € U. The class of all starlike functions of order « is
denoted by S* («).

Definition 2 [70]. A function f(z) belonging to S is said to be convex of order « if and

refie L)

for some o (0 < a < 1) and for all z € U. The class of all convex functions of order « is
denoted by K () .

only if




The classes S* (a) and K (a) were studied subsequently by Schild, [74], MacGregor, [53],
Jack, [38], Pinchuk, [68] and others. One can see that

f(2) € K (a) <= zf (2) € 5*(a).

Definition 3 [34]. A function f(z) € S is said to be close-to-convex of order a (0 < v < 1),
if there exist a function g(z) € S* such that

BTN

We denote by Cy(«a) the class of all close-to-convex functions of order a (see Goodman [34]).

Also, we note that:

KCS*CC,0)=C,CS,

where C is the class of all close-to-convex functions (see Kaplan [44]).
We note that:

T (a) =S" (@) NT and C' (o) = K (a) N T

Goodman, [35] introduced and defined the following subclasses of K and S*. A function
f(z) € Ais said to be uniformly convex (uniformly starlike) in U if f(z) is in K (S*) and
has the property that for every circular arc v contained in U, with center ¢ also in U, the
arc f(7) is convex (starlike) with respect to f(£). The class of uniformly convex (starlike)
functions is denoted by UCV and UST, respectively.

Definition 4 ([35],[52] and [71]). A function f(z) € A is said to be in the class of

uniformly convex functions, UCV/, if it satisfies the following condition:

{1 = [

Further, a function f(z) € A is said to be in the class of uniformly starlike functions, UST,

(z € U).

if it satisfies the following condition:

)\ | (2)
R{w} “ 1)

f(2)

1‘ (z€U).
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The class UCV was introduced by Goodman [35] and Ma and Minda [52]. The class UST
was introducing by Goodman, [36] and Ronning, [72]. One can see that

f(2) e UCV < zf'(2) € UST. (2)

In [72], Ronning generalized the classes UST and UCV by introducing a parameter o (—1 < o < 1)

in the following way.

Definition 5 [72]. A function f(z) € A is said to be in the class of uniformly starlike

functions of order o, UST («), if it satisfies the following condition:
2f ()

of (2)
Re{ i) ‘O‘}z )

Replacing f(z) in (3) by zf () we have the condition:

Re{l+%—a}>

required for the function f (z) to be in the class UCV («) of uniformly convex functions of

—1’ (—-1<a<l;z€0). (3)

(-1<a<l;zel),

order . One can see that
f(2) e UCV (o) & z2f (2) € UST (a) .

Kanas and Wisniowska [42] and [43] introduced the classes of [-uniformly convex functions
B—=UCV (0 < f < 00) and S-uniformly starlike functions §—UCV (0 < 8 < 00), as follows:

Definition 6 ([42] and [43]). A function f(z) € Ais said to be in the class of f—uniformly

convex functions, § — UCV/, if it satisfies the following condition:

wfir )

"

2f ()
f'(2)

(6>0;z€U).

From (2), we can easily see that the class § — UST, of S-uniformly starlike functions is
associated with § — UCV by the relation

f(2) e B—UCV & zf'(2) € B —UST.
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Thus, the class § — UST), is the subclass of A satisfies the following condition:
:f (2)
Red )G > 5
{f@)}

Definition 7 ([76], [62] and [10]). A function f(z) € A is said to be in the class of
uniformly starlike functions of order o and type 3, UST (o, ) (=1 < a < 1,8 > 0), if it

satisfies the following condition:

2/ (2)
Re —ap>p
(7]
Definition 8 ([62] and [10]). A function f(z) € A is said to be in the class of uniformly

convex functions of order o and type 3, UCV (o, B) (-1 < a < 1,5 > 0), if it satisfies the

following condition:

2f (2)

CHN

(8>0;z€U).

2 ()
Ol

(-1<a<1;8>20,2€0). (4)

Re{H%_a}zg

From (4) and (5), we have

(-1<a<1;8>0;2€0). (5)

f(2) e UCV (o, B) & 2f (2) € UST (o, ) .
We note that:
(i) UST (0,1) =UST and UST (a,1) = UST («) ,
(1) UCV (0,1) =UCV and UCV (a,1) = UCV («).

For complex or positive real parameters oy, ..., and 3, ..., 5,
(B, € C\Zy,Zy =0,-1,-2,...;j = 1,2,...,5), the generalized hypergeometric function
oFs (a1, .. aq, By, ...y By; 2) is defined by

N 2 (), (), 1
qFS(al,...,aq,ﬁl,...,ﬁs,z)—Z;mﬂzk’ (6)

k
(g<s+1;5,qeNg=NU{0},N={1,2,..};2 € U),
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where (6), , is the Pochhammer symbol defined in terms of the Gamma function I', by

(0 + k) 1 (k = 0)
I'(6)

O = —F7— =
00 +1)....0+k—1) (k € N).
Using the function
h(aq, ..., o By, Bei 2) = 24Fs (a1, ... 05 B, -, B 2)

Dziok and Srivastava (see [29]) defined the linear operator H, s (a1, ..., og; By, -

- B) A— A by

Hys(oq,...,00; 81, ., 8,) f(2) = h(oa,...,0q 01, ..., Bs;2) *f (2)

= 2+ Z T, (a))a2" (2€0),
k=2

where
(CY1>k71 (aq>k_1 1

(B)k—1--(Bek—1 (k—=1)I

Fk(al) =
For brevity, we write
Hq,s (al) f (’Z) = H(LS (ala ) aq;ﬁb e 557 Z) f (Z) :

Specializing the parameters a;,as, 3;,q and s , we obtain many linear operators studied
by various authors (see Carlson and Shaffer [21], Hohlov [37], Ruscheweyh [73], Owa and
Srivastava [66], Choi et al. [28], Noor [58], Cho et al. [24], Bernardi [18] and others).

Jung et al. [40] introduced the following one-parameter families integral operators

()= P (=T (dt (a> 08> —1)

C%“”:{ /) (0= 0:6> 1)

and

Iaf (Z) _ 2T ()



For f(z) € A given by (1), we deduce that

N B a+5+1 = T[(B+k) k . B
Q5f () =2+ ,g;r(amw) e (@20, > 1) (7)
and .
I°f (2 _Z+Z<k‘+1) arz® (a>0) . (8)

From (7) and (8), it easily to verify the following identities:

Q5 (2) =@+ B+1)Q5f () = (a+ B Q5 f(2)  (a>0:8> 1),

and
21 (2) =2 °f (2) = 1 “H f(2) (> 0).

Putting 8 = v > —1,a = 1, we note that

QL (z) = Juf(s)= ““/tv U () dt

Z’U

v+1
= Z+Zv—|—kakz (v>-1;2€U),

where J, is the Bernardi-libera-livingston integral operator (see, [28], [32] and [65]).

Let S (p) denote the class of p—valent functions of the form:
2)=2"+ Y w2 (peN), (9)
k=p+1

and S (p,n) denote the class of p—valent functions of the form:

o0

f(z) =2F + Z arz® (peN),

k=p+n

which are analytic and p—valent in U. We note that S (p,1) = S (p) and S (1,1) = S.
Let T (p) denote the class of all functions of the form:
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which are analytic and p—valent in U. We note that 7" (1) = 7.
Let T (p,n) denote the subclass of S (p,n) of functions of the form:

f(z)=2F — Z arz® (ap >0;p€N), (11)

k=p+n

We note that T (p,1) = T (p).

Let X denote the class of meromorphic functions of the form:

o0

f(z) = % +) anz", (12)

which are analytic in U* = U\ {0} . If g (2) € X, be given by

then the Hadamard product (or convolution) of f (z) and ¢ (z) is given by

(F29)(E) =2+ 3 abi" = (g5 1)(2).

Denote by X, the class of analytic and univalent functions in the punctured disc U* of the

form:
1 o0
— - . 2" (a, >0) . 13
FE =2+l ( 20) (13)
Let ¥ (p) denote the class of meromorphic p—valent functions of the form
1 — ~
f(z):; +Zak2kp(P€N)y (14)
k=1

which are analytic in U*. For p = 1 we have ¥ (1) = X.

Let ¥, (p) be the class of missing functions of the form:

o0

k=p

Using the generalized hypergeometric function ,F; (o, ..., o, By, .., B,; 2) defined by (6),

vil



Liu and Srivastava [50] (see also Aouf [5]) defined the operator M, ,, (a1) as follows:
my (a1, ..., ag; Bry ooy By 2) = 277 (Fs (0a, ..., 0, By vy s 2)
consider the linear operator

MP (ah”'?aq;ﬁlw-wﬁs) : EP (p> - EP (p) 9

which is defined by means of the following Hadamard product (or convolution):

Mp (ala "'7aq;ﬁla "'765) f (’Z) = mp (a]-? LARS) aq;ﬁlv "'7ﬂs; Z) * f (Z) .

For a function f(z) € ¥, (p), we have

M,,s (1) = M,(a1,...,0058,...,0,) =27 + Zakﬂ, (1) ap 2
k=p
(g <s+1;q,s € Ny;z € U),
where, for convenience,

oer (o) = (1) sy - (Qg)psy
ketp A1) (k+p)! (51)k+p (55>k+p

(ke N).

This thesis consists of five Chapters.
Chapter 1

This chapter is considered as an introductory chapter and consists of six sections:

In Section 1.1, some basic concepts of univalent functions are introduced.

In Section 1.2, definitions of uniformly convex (starlike) functions are introduced.

In Section 1.3, some linear operators associated with analytic functions are defined.
In Section 1.4, basic concepts of p—valent functions are introduced.

In Section 1.5, basic concepts of meromorphic univalent functions are introduced and

contains the definitions of the classes ¥ (o, A) and X, (o, A).

Definition 9. [45]. For 0 < a <1land 0 < A < 1, let ¥ (a, \) denote a subclass of X
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consisting of functions of the form (12) satisfying the condition

of (2)
fte ((A TG 1A ()

)>a (z € UY). (16)

Furthermore, we say that a function f € ¥, (a,\), whenever f (z) is of the form (13) and
satisfying (16) .

In Section 1.6, some basic concepts of p—valent meromorphic functions are introduced.
Chapter 2

This chapter consists of seven sections. The first section is an introductory section and
contains the definitions of the classes S, (p, ¢, «) and C, (p, ¢, @)
For function f (z) defined by (11), we define the classes S, (p,q,«) and C, (p,q, @) as

follows: Sn(p,q,a)—{fET(p’n):Re (%) > (zeU)},

and

Cn(p,q,oz):{fET(p,n):Re(l—i—%) >« (zeIU)},

where, for each f € 7 (p,n), we have

F9(2)=06(pq) 2" — Zékqakz -,

k=n+p

and

. i! 1 j=0
(1 =) i(i—=1)...(i—j+1) (j#0)
In Section 2.2, contains the definition of the class 7C,, (p, q,n,a) (m € Ny) as follows:

Definition 10. A function f(z) defined by (11) and belonging to the class 7 (p,n) is
said to be in the class 7C,, (p, q,n, «) if it also satisfies the coefficient inequality:

Z <u>m(k_q—a)5(kﬂ)ak§(p—q—oz)é(p,q).

k=n-+p p—q

In Section 2.3, growth and distortion theorems for functions in the class 7C,, (p, ¢,n, a)

are obtained.
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In Section 2.4, closure theorems for functions in the class 7C,, (p, ¢, n, ) are obtained.

In Section 2.5, extreme points for functions in the class 7C,, (p, ¢, n, @) are obtained.

In Section 2.6, modified Hadamard product for functions in the class 7C,, (p, q,n, «)
are obtained.

In Section 2.7, radii of close-to-convexity, starlikeness and convexity for functions in the

class 7C,, (p, q,n, a) are obtained.
Chapter 3

This chapter consists of two sections. The first section is an introductory section and con-
tains the definitions of the classes ST, (o, 8), CT,, (o, f) and U L,, (o, 5; \) and the definition
of Holder inequality.

Let 7 (n) denote the class of analytic functions in U of the form:

=z =Y w7 (a 20;neN\{1}={2,3,....}) . (17)

Also we define the classes ST, (o, 8) and C7T,, (o, ) as follows:

( RO
fET(n)R{f(z) }>6

0<a<1;6>0;2€U

2 (2) _1‘ ‘

ST, (a,B) = f(2)
)

\

and )

fGT(n):Re{l—l—Z]J:,((ZZ)) —a} > 2 ()

f(2)
0<a<1;8>0,2€0)

\ Ve

CT, (a,p) =

Definition 11 [16]. For 0 < a <1, > 0and 0 < XA <1, a function f € 7 (n) is said
to be in the subclass UL, (c, B; \) of T (n) if the following inequality holds:

2f (2) + N2 f7 (2) W
Re{(l—w(z)mf'(z) }25

2f (z)+/\z2f (z)
(I=N [ (2) +Azf"(2)

—1f.

Definition 12 [17]. For p; > 1 and ) ", pil_ = 1, the Holder inequality is defined by:



In Section 3.2, main results for functions in the classes ST, (o, 3), CT , (o, B) and U L,, (v, B; \)

are obtained.
Chapter 4

This chapter consists of two sections.The first section is an introductory section and
contains the definitions of the classes R™ (9) and 7 (4) .

Definition 13. A function f(z) € A is said to be in the class Rg“ (0) if it satisfies

inequality

Q5[ (2) a+B+46 ‘ ‘ ‘
Re (Qg“f@)) > P (a>0;>-1,0<0<1;2z€ ).

Definition 14. A function f(z) € A is said to be in the class 7" () if it satisfies
inequality
I°f(2) o+1

Re{[O‘Jrl—f(Z)}>T (ZEU,O§5<1)

In Section 4.2, some inclusion relations of the classes Rg“ (8) and 7! (§) are obtained.

Chapter 5

This chapter consists of five sections. The first section is an introductory section and
contains the definition of the classes X¥ = (a1; A, B,A) and X7 . (a1; A, B, A) as follow:

Definition 15 [8]. For a function f(z) € ¥,(p), we say that f(z) is in the class
Y4 (a3 A, B, X\) of meromorphically p—valent functions in U if and only if

’

Z( Mp,q,s (al) f (Z>)
My s (o) f(2)
M

pas (1) | (Z))/ B -
M. (00) [ () T PBHA=B)p =)

(1< B<A<L,0<A<ppeN;zel).

+p
<1 (18)

B!

Let X7 (p) be the subclass of ¥, (p) consisting of functions of the form:
o) =5+l # pen
= : k p :
=p
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Also let ¥* (aq; A, B, \) be the subclass of X, , s (a1; A, B, A) such that

p,q,s

E;q S (alv A7 B7 )\) - Zp,q,s (0617 A) B7 )\) m E; (p>
The classes ¥, (a1; 4, B, A) and X7 (15 A, B, \) were introduced and studied by Aouf
[8].

Definition 16. Let ¥*  («q; A, B, \) denote the subclass of 3% («y; A, B, A) consist-

P,q,8,¢ P,q,8
ing of functions of the form:

1 (A-B)(p- e - )
F&) = G+ A B =B o.(e] +;—1|k’ (0<ec<1).

In Section 5.2, properties for functions in the class 37 . (c1; A, B, \) are obtained.

In Section 5.3, closure theorems for functions in the class X . (ai1; A4, B, \) are ob-

tained.

In Section 5.4, radius of convexity for functions in the class X3 . (a1; 4, B, ) are

obtained.

In Section 5.5, applying the technique used by Silverman [78], we investigate the ratio

of a function f(z) € ¥, to its sequence of partial sums f; (2) = 1 + 22:1 a, 2", when the

z

coefficients of f(z) are sufficiently small to satisfy the condition f(z) € ¥, (a,\). More
precisely, we determine sharp lower bounds for Re{ (2) } Re{fk Z)} Re{ (= )}, and

fr(2) f(2)
fk(Z)
Re { e } .
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